We consider multirate digital control systems which consist of an interconnection of a continuous-time nonlinear plant (described by ordinary di erential equations), a digital controller (described by ordinary difference equations) which has quantizers (but is otherwise linear), along with the required interface elements (A/D and D/A converters). The input to the digital controller consists of the multirate sampled output of the plant.
Introduction A. Background
Sampled-data control systems, resp., digital control systems, are hybrid dynamical systems which usually consist of a continuous-time plant (which can be described by a set of rst order ordinary di erential equations) and a digital controller (which can be described by a set of rst order ordinary di erence equations). When data in such systems are sampled at more than one rate, such systems are called multirate digital control systems, resp., multirate sampled-data control systems.
The analysis and synthesis of such systems (especially systems with one sampling rate) have been of continuing interest for several decades (refer, e.g., to 1], 5], 6], 8] , 12] and the references cited therein). Although the plant is frequently nonlinear in such systems, for purposes of design and analysis, a linearization of the plant is usually used in the literature, without much justi cation. Furthermore, most of these results do not take into account quantizer e ects in the digital controller and in the interconnecting elements (A/D and D/A converters). In several works (e.g., 2], 15]-17]) quantization e ects in sampled-data control systems with linear plants are studied.
In a recent paper 7] we investigated the qualitative behavior of single rate digital control systems with nonlinear continuous-time plants and with digital controllers and interface elements (A/D and D/A converters) which include signal quantization. In this work we presented Lyapunov stability results for systems with nonlinear plants but no quantizers in the controllers and Lagrange stability results for systems with nonlinear plants and quantizers in the digital controllers.
In the present paper we establish new qualitative results for multirate digital control systems with nonlinear continuous-time plants and with quantization in the digital controllers. For the special case when the plant is linear and there is no quantization in the digital controller, the class of systems considered herein reduces to the class of the systems treated in 6].
B. Multirate Digital Feedback Control Systems
We consider multirate digital feedback control systems of the type depicted in Fig. 1 . The nonlinear plant is described by equations of the form where x 2 < n , y 2 < l , u 2 < s , e;ẽ; p 2 < m , and v(kT 0 ) will be speci ed in the subsequent discussion. Finally, we will assume that in (1.1) and (1.2), f 2 C 1 < n ; < n ] (i.e., f : < n ?! < n and f is continuously 
Stability Analysis of Systems
Without Quantizers
In this section we assume ideal A/D and D/A converters and we assume in nite wordlength digital controllers (i.e., there is no quantization in the converters and in the digital controller). Under these as- Associated with (2.1) is the system given by 
The rst forward di erence of V evaluated along the solutions of (2.11) yields
(2.12) Before proceeding further, we need the following intermediate result. Proposition 1. For any given > 0, there exists a
e T0kAk kg(x(t))kdt +kMk kW 3 (kT 0 )k k!(k)k (2.13) whenever k!(k)k < , for any k 2 Z + 4 = f0; 1; 2; : : :g. 
Stabilization by Multirate-Output Controllers
In this section, we will present a result concerning the existence and construction of multirate-output controllers which stabilize nonlinear systems of the type considered herein. The nonlinear plant may not be stable at the outset.
De nition 1. 8] The frame period T 0 is said to be nonpathological if whenever is an eigenvalue of A, no point + j 2 k=T 0 is an eigenvalue of A when k is a nonzero integer. Note that an observable pair has at least one OIV, e.g., the set of Kronecker invariants 9] of the pair (A T ; L T ), and may have more OIV's if l 2. An algorithm to determine OIV's was presented in Luenberger 11] . Also, it is known that any OIV is preserved under similarity transformations.
In the following, we use the triplet (A; K; L) to denote the linearized system _ x = Ax(t) + Ke(t); y(t) = Lx(t) corresponding to the nonlinear plant (1.1). 
Analysis of Systems with Quantization Nonlinearities
In the implementation of digital controllers, quantization is unavoidable. In 3], 15] and 16], details concerning the inclusion of quantizers into digital controllers are discussed. In the present section, we study qualitative properties of the nonlinear multirate digital control system of Fig.1 with xed-point quantization included in both the A/D converter and the digital controller. Fixed-point quantization can be characterized by the relation Q( ) = + q( ) where jq( )j < for all 2 < and , the quantization level, depends on the desired precision. From Fig. 1 , we obtain, assuming that r 0,v(kT 0 ) = Q(ỹ(kT 0 )) =ỹ(kT 0 ) + q 1 (ỹ(kT 0 )); u((k + 1)T 0 ) = Q(Cu(kT 0 ) + Mv(kT 0 )) = Cu(kT 0 )+Mv(kT 0 )+q 2 (Cu(kT 0 )+Mv(kT 0 )); p(kT 0 ) = Q(Nu(kT 0 )) = Nu(kT 0 ) + q 3 (Nu(kT 0 )); k = 0; 1; 2; where the q 1 , q 2 and q 3 should be interpreted as vectors whose components contain quantization terms. By a slight abuse of notaton, we will henceforth write q 1 (k) in place of q 1 (ỹ(kT 0 )), q 2 (k) in place of q 2 (Cu(kT 0 ) + Mv(kT 0 )) and so forth. It is easily veri ed that there exist positive constants J i which are independent of such that kq i (k)k J i ; i = 1; 2; 3; k = 0; 1; : : : : In the presence of quantizer nonlinearities, we can no longer expect that the system of Fig. 1 will have a uniformly asymptotically stable equilibrium at the origin; in fact, there may not even be an equilibrium at the origin. In view of this, we will investigate the (ultimate) boundedness of the solution of the system of Fig. 1 , including the dependence of the bounds on the quantization size. Similarly as in Section II, we can show that the system of Fig. 1 can be represented by the equations Remark. From the above theorem we can conclude that the bound of the solution of (4.1) can be made arbitrarily small by choosing the quantization level sufciently small, provided that the initial state of the system is close enough to the origin. In our nal result we establish an estimate of the norm of the di erence between the response of nonlinear multirate digital control systems without quantizers, given by (2.1), and nonlinear digital feedback control systems with quantizers, given by (4.1). For the present purpose, we rewrite (2.8) and (2. 
